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Financial Modelling
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Calibration Problem
Suppose we have an asset price processS = (St)t≥0.
Choose a modelMθ ∈ M for S so that, for any time
t ≥ 0,

St = Mθ(S0, t, (Pu)0≤u≤t)

whereθ is the model parameter (or vector of
parameters or function) andP = (Pt)t≥0 is a random
process.

To price claims onS(M, θ) we first chooseM. Then
thecalibration problemis to find suitableθ which
reproduces some benchmark market prices
V ∗ = {V ∗

i
: i ∈ I} of claimsC = {Ci : i ∈ I}

written onS.
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Bayesian Approach
Bayesian theory is used to estimate the value of an
unknown parameter(s). Suppose we observe noisy
pricesV ∗ = {V ∗

i
: i ∈ I} related toθ by

V ∗
i = Vi(θ) + ei

whereei for i ∈ I are (not necessarily independent)
noises andVi(·) is the known model price dependent
onθ. Then theBayesian posteriordensity ofθ is

p(θ | V ∗) ∝ p(V ∗|θ) p(θ)

The Bayesian posterior is a measure of the confidence
in any particular value of the parameterθ based on
prior assumptions and observed data.
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Model Uncertainty (Motivation)
Motivation: What is the risk associated with choosing
the wrong model (parameter) for the pricing of a
financial derivative?

Literature: Referred to asmodel riskor model
uncertainty.

• R.Cont,Model Uncertainty And Its Impact On
The Pricing Of Derivative Instruments

• F.L.J.Kerkhof, B.Melenberg and H.Schumacher,
Model Risk and Regulatory Capital

• S.Figlewski and T.C.Green,Market Risk and
Model Risk For a Financial Institution Writing
Options
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Coherent Model Uncertainty
Measures
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Review: Market Risk Measures
In 1998 Artzner et al. introduced coherent market risk
measure as a mapping fromX intoℜ satisfying:

1. translational invariance

2. monotonicity

3. subadditivity

4. positive homogeneity

Examples of coherent market risk measures are:

i) worst-caseρ1(X) = supω∈Ω{−X(ω)}.

ii) average valueρ0(X) = E
P[−X(ω)].

iii) expected shortfallρβ(X) = 1
1−β

∫ 1

β
−X(ω) P(dω) for some

β ∈ (0, 1).
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Cont’s Axioms
Assume that

∀Mθ ∈ M(I), ∀i ∈ I, E
Mθ [Ci] ∈ [V bid

i , V ask

i ].

Thenµ : X → [0,∞) is acoherent model uncertainty
measureif it satisfies:

• For benchmark options,µ(Ci) ≤ |V bid

i
− V ask

i
|.

• Dynamic hedging with the underlying only reduces model uncertainty if the hedging

strategy is model-free. Moreover, if the claim can be totally replicated in a model-free

way thenµ(X) = 0.

• Diversification:µ(λX1 + (1 − λ)X2) ≤ λµ(X1) + (1 − λ)µ(X2) for λ ∈ [0, 1].

• If payoff can be statically replicated in a model-free way with traded options then its

model uncertainty is bounded by the uncertainty on the cost of this replication:

"

∃a ∈ ℜd,∀Mθ ∈ M X =
d

X

i=1

aiCi Mθ-a.s.

#

⇒ µ(X) ≤
d

X

i=1

|ai||V
bid

i −V ask

i |.
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Worst-Case Measure
Cont’s worst-case measure is

µ1(X) = π(X) − π(X)

with π(X) = infMθ∈M E
Mθ [X], π(X) = sup

Mθ∈M
E

Mθ [X].

VK(σ) = Black-Scholes European call value with strikeK.

V̂K(σ) = VK(σ)−VK(0.1)
VK(0.15)−VK(0.1)

for K = S0, S0/2 andσ ∈ [0.1, 0.15].

0 0.5 1
0

10

20

30

40

50

60

atm call price

fr
eq

ue
nc

y

0 0.5 1
0

50

100

150

200

250

300

350

400

lower−strike call price

fr
eq

ue
nc

y

Model Uncertainty Measures Using Bayesian Posteriors⋄ 27-28th March 2009⋄ alok.gupta@maths.ox.ac.uk – p. 10



Generalised Bayesian Measures
Theorem 0.1 µ(X) = ρ(−E

Mθ [X] + π(X)) defines a
coherent model uncertainty measure (whereP

corresponding toρ is given byp(θ|V ∗)).

Examples (c.f. market risk measures):

i) w-c µ1(X) = ρ1(−E
Mθ [X] + π(X)) = π(X) − π(X)

ii) average valueµ0(X) = E[EMθ [X] − π(X)|V ∗]

iii) expected shortfallµβ(X) = ρβ(−E
Mθ [X] + π(X))

For the previous numerical example:

µ1(V̂S0
) = 1.00 µ0.95(V̂S0

) = 0.97 µ0(V̂S0
) = 0.50

µ1(V̂S0/2) = 1.00 µ0.95(V̂S0/2) = 0.83 µ0(V̂S0/2) = 0.11
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Convex Model Uncertainty
Measures
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Bayesian Posterior Penalty
Convex Measure: Idea is to penalise model according
to how well it calibrates. Construction:

ε = inf
Mθ∈M

α(Mθ),

πα(X) = sup
Mθ∈M

{E
Mθ [X] − α(Mθ)} + ε,

πα(X) = inf
Mθ∈M

{E
Mθ [X] + α(Mθ)} − ε,

µα(X) = πα(X) − πα(X)

for some functionα > 0 (e.g. a function ofp(θ|V ∗)) satisfying:

∀i ∈ I, πα(Ci) ≤ V ask

i + ε andπα(Ci) ≥ V bid

i − ε.

Theorem 0.2 µα is a convex model uncertainty

measure.
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Numerical Example
Local volatility surface was calibrated to 20 European
call prices using 27 parameters. 5 options are priced
with the Bayesian posterior.S0 = 5000.
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Related Work
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Optimal Bayesian Hedging
Can use the Bayesian posterior to find model
parameterθ which minimises the expected value of
some hedging performance indicator

θL(V ∗) = arg min
θ′

{
∫

L(θ, θ′) p(θ|V ∗) dθ

}

.

where the loss functionL is a functionf of the
hedging error,

L(θ, θ′) = E[f(ΠT (θ′) − VT (θ))]

andΠt is the value of the hedging strategy for option
with valueVt.
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Optimal Bayesian Hedging
Example: Histogram comparing the hedging profits for usual

MLE hedge and Bayesian (BEM) hedge for European call option

with maturity 1 year and strike1.1S0. Option value is 31.29.
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Consistency Of Bayesian
Estimators
A sequence of estimatorŝθn(V

∗) is strongly consistent

if θ̂n → θ∗ almost surely whereθ∗ is the true value.

We have shown for Black-Scholes model with daily
observation(s) and (non-)Gaussian noise that

lim
n→∞

pn(σ|V
∗) = δ(σ − σ∗)

so the Bayesian estimators given by

σ̂n = arg min
σ′∈Σ

{
∫

Σ

L(σ, σ′)pn(σ|V
∗)dσ

}

are consistent for all loss functionsL.
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Questions?
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