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Financial M odelling

Model Uncertainty Measures Using Bayesian Posteroy-28th March 2009 alok.gupta@maths.ox.ac.uk —p. 3



Calibration Problem

Suppose we have an asset price proéess(S;):>o.

Choose a modé¥ly, € M for S so that, for any time
t >0,

St = My(So, t, (Py)o<u<t)

wheref Is the model parameter (or vector of

parameters or function) and = (P;);>q IS a random
process.

To price claims ort (M, #) we first choos@l. Then
the calibration problemis to find suitablé which
reproduces some benchmark market prices

V*={V*.1 eI} ofclaimsC ={C;:1 € I}
written onS.
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Bayesian Approach

Bayesian theory Is used to estimate the value of an
unknown parameter(s). Suppose we observe noisy

pricesV* = {V* : i € I} related tod by

[/

wheree; for : € I are (not necessarily independent)
noises and/;(-) is the known model price dependent
ond. Then theBayesian posteriodensity off is

p(0 | V7)o p(V7]0) p(0)

The Bayesian posterior is a measure of the confidence
In any particular value of the parametebased on
prior assumptions and observed data.
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Model Uncertainty (M otivation)

Motivation: What is the risk associated with choosing
the wrong model (parameter) for the pricing of a
financial derivative?

Literature: Referred to amodel riskor model
uncertainty

R.Cont,Model Uncertainty And Its Impact On
The Pricing Of Derivative Instruments

F.L.J.Kerkhof, B.Melenberg and H.Schumacher,
Model Risk and Regulatory Capital

S.Figlewski and T.C.GreeMarket Risk and
Model Risk For a Financial Institution Writing
Options
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Coherent Model Uncertainty
M easur es
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Review: Market Risk M easures

In 1998 Artzner et al. introduced coherent market risk
measure as a mapping fraiinto ¥ satisfying:

1. translational invariance

2. monotonicity

3. subadditivity

4. positive homogeneity

Examples of coherent market risk measures are:
) worst-casep; (X) = sup cq{—X(w)}.

i) average valug(X) = EP[—X( )].

i) expected shortfalps (X fﬁ P(dw) for some

B e (0,1).
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Cont’s Axioms
Assume that

VMy € M(I), Vi € I, EMe [C;] € [V21d, vask],

Theny : X — |0, 00) is acoherent model uncertainty
measuref it satisfies:

For benchmark optiong,(C;) < |[VPid — Vask|,

Dynamic hedging with the underlying only reduces model utacaty if the hedging
strategy is model-free. Moreover, if the claim can be tgtadblicated in a model-free
way thenu(X) = 0.

Diversification: (A X1 + (1 — M) X2) < Au(X1) + (1 — Mp(X2) for X € [0, 1].

If payoff can be statically replicated in a model-free wayhiraded options then its
model uncertainty is bounded by the uncertainty on the dasti®replication:

d d
da € ?Rd,VMQ eEM X = ZaiCi Mpy-a.s.| = ,LL(X) < Z |ai||‘/;bid—‘/;-a8k|.
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Wor st-Case M easure

Cont’s worst-case measure IS

with (X)) = infyg,ep BV [ X], T(X) = supyg,en B[ X].

Vi (o) = Black-Scholes European call value with strike

” Vi (0)—Vk(0.1)
— el for K = Sy, 5y/2 ando € [0.1,0.15].
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Generalised Bayesian M easures

Theorem 0.1 p(X) = p(—EM[X] + n (X)) defines a
coherent model uncertainty measure (whire
corresponding tg is given byp(0|1V*)).

Examples (c.f. market risk measures):
) w-C (X)) = pi (—E™[X] + (X)) =7(X) — 7(X)
i) average valuei,(X) = E[EMe[X] — x(X)|V*]

iii) expected shortfallis(X) = pg(—EM[X] + 7(X))

For the previous numerical example:

A

/11(‘/50) = 1.00 /10.95(‘750) = 0.97 ,LLQ(‘A/SO) = 0.50

A

i (Vsy2) = 100 poos(Vsyz) = 0.83  po(Vsye) = 0.11
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Convex Model Uncertainty
M easur es
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Bayesian Posterior Penalty

Convex Measure: Idea Is to penalise model according
to how well it calibrates. Construction:

e = Minf a(Mp),
g €M
T(X) = sup {E"[X]—a(Mg)} +e,
M, € M
ma(X) = inf {BY0[X]+ (o)} — e,
pa(X) = 7(X) = 1a(X)

for some functiorr > 0 (e.g. a function op(0|V*)) satisfying:

Viel, w(C;) <V L eandn, (C;) > VP —e.

Theorem 0.2 u, IS a convex model uncertainty
measure.
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Numerical Example

Local volatility surface was calibrated to 20 European
call prices using 27 parameters. 5 options are priced
with the Bayesian posteriof; = 5000.
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Related Wor k
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Optimal Bayesian Hedging

Can use the Bayesian posterior to find model
parametep which minimises the expected value of
some hedging performance indicator

0, (V*) = arg min { / L(0,60") p(0]V*) de} .

9/

where the loss function is a functionf of the
hedging error,

L(,0") =E[f(Ilp(0") — Vr(0))]

andIl, is the value of the hedging strategy for option
with valueV,.
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Optimal Bayesian Hedging

Example: Histogram comparing the hedging profits for usual
MLE hedge and Bayesian (BEM) hedge for European call option
with maturity 1 year and striké. 15,. Option value is 31.29.
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consistency Of bayesian
Estimators

A sequence of estimatofs (1*) is strongly consistent
if 0,, — 0* almost surely wheré* is the true value.

We have shown for Black-Scholes model with daily
observation(s) and (non-)Gaussian noise that

lim p,(c|V*) =d(c — ")

so the Bayesian estimators given by

o' ey

0, = argmin {/ L(o, J’)pn(aﬂ/*)da}
)

are consistent for all loss functioris
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Questions?
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