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Abstract: Local quasi-likelihood estimation is useful for nonparametric modeling
in a widely-used exponential family of distributions, called generalized linear mod-
els. Yet, the technique cannot be directly applied to situations where a response
variable is missing at random. Three local quasi-likelihood estimation techniques
are introduced: the local quasi-likelihood estimator using only complete-data; the
locally weighted quasi-likelihood method; the local quasi-likelihood estimator with
imputed values. These estimators share basically the same first order asymptotic
biases and variances. Our simulation results show that substantial efficiency gains
can be obtained by using the local quasi-likelihood estimator with imputed values.
We develop the local quasi-likelihood imputation methods for estimating the mean
functional of the response variable. It is shown that the proposed mean imputation
estimators are asymptotically normal with asymptotic variance that can be easily
estimated. Data from an ongoing environmental epidemiologic study is used to
illustrate the proposed methods.
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1. Introduction

Quasi-likelihood estimation is an important extension of maximum likelihood
estimation. This method, proposed by Wedderburn (1974), requires only assump-
tions on the conditional mean and variance functions rather than on the full
likelihood. McCullagh_and Nelder (1989) extended the method to the analysis of
parametric generalized linear models. The need to reduce possible modeling bi-
ases and to validate parametric models leads to the development of nonparametric
models. See, for example, Hastie and Tibshrani (1990), [Fan_and Gijbeld (1996)
and [Eubank (1999). There are a number of papers that study nonparametric
function estimation in the context of generalized linear models. Methods for ker-
nel estimation were discussed by IStaniswalid (1989), ISeverini and Staniswalis
(1994) and Hunsberger (1994). [Fan, Heckman and Wand (1995) developed a
local quasi-likelihood estimation via a local polynomial fitting. Carroll, Fan,
Gujbels and Wand (1997) considered an extension of such estimators to the mul-
tivariate generalized partially linear single-index models. Those techniques allow
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one to analyze data from many useful families of distributions, including the
Bernoulli and the Poisson distributions. IEa.n.,_Ea.r_m.au_a.ndﬁ_ub_elﬁl (IJ_M) pro-
posed a pre-asymptotic substitution method for selecting bandwidths for the lo-
cal quasi-likelihood estimator. The local estimating equations have been studied
in |£}arnﬂl,_RiLD.Dm_andM.SH (IJ.M)

The first objective of this paper is to study the local quasi-likelihood es-
timation when the response Y is missing at random (MAR). Data with miss-
ing outcome are common in medical research. For example, in a recent en-
vironmental epidemiologic study, the Collaborative Prenatal Projects (CPP)
i ‘ (IlQlﬂ) and Longnecker, Klebnoff, Zhou and Brock
(2002)), the investigators are interested in the nonlinear relationship between
the women’s PCBs exposure (high or low) and the body mass index at the
beginning of the pregnancy. There are about sixty percent of the women’s
PCBs exposures missing in the study. Our research is motivated by the need
to develop a nonparametric estimation method for missing responses. Methods
for regression analysis with missing data have been studied by many authors.
For an introduction to these, see the books by ILittle and Rubin (1987) and
IGelman, Carlin, Sterm and Rubin! (I;LM) and the papers by Rosenbaum and
Rubin (1983), [Littld (1992), [Cheng (1994), Wang, Wang, Zhao and Ou (1997)
and Wang and Rad (2004), among others.

In the context of the response variable missing at random, observations for

which only covariates have been recorded are not informative about the quantities
to be estimated. The methods based on only complete observations provide a
valid and suitable analysis. [Pail (@) has shown that the imputation methods
which impute missing values by regression fitting can provide a more efficient
estimator if the model for the missing data is correctly specified. These techniques
are extended to nonparametric models. Three estimation techniques — the local
quasi-likelihood estimator using only complete-data, the locally weighted quasi-
likelihood method, and the local quasi-likelihood estimator with imputed values
— are employed. These techniques are complementary to those in Wang, Wang,
Gutierrez and Carroll (1998), which generalized the local linear estimation of
[Fan, Heckman_and Wand (1995) to the case with covariates missing at random.
They found that the variances of the locally weighted method are the same
when the selection probabilities are either known or unknown, but the biases
are different. In the context where the responses are missing at random, we
show that the three proposed methods basically share the same asymptotic bias
and variance. Yet, finite sample simulations show that the local quasi-likelihood
estimator with imputed data substantially outperforms the two other proposals.

This finding is consistent with the results in parametric modeling by m M)
Our extensive simulations show that the gains from imputed data are even more
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substantial than for two other estimators when the bandwidths are automatically
selected by data. In fact, with imputed data, there are larger sample sizes and
the selected bandwidths are more stable (most bandwidth selection procedures
involve some degrees of estimating higher order derivatives, which requires a
large amount of data to stabilize the estimate). This leads to more stabilized
nonparametric estimators, resulting in smaller variances, than the two completing
methods, and hence substantially improves the performance. It should be pointed
out that the improvement comes from the fact that the imputation makes a better
choice of the optimal bandwidth — it makes more use of the complete observed
data in the local fitting.

The second objective of our study is to estimate the mean functional of the
response variable when it is missing at random. [Tamhand (1978) and Matloff
(1981) considered hypothesis testing and estimation of the mean functional with
a specified regression function. (Chengd (1994) discussed nonparametric estima-
tion of the mean functional by using the kernel regression estimator in this MAR
setting. Wang, Linton and Hérdld (2004) developed the kernel regression estima-
tor of the mean functional in a semiparametric partially linear regression model.
In this paper, local quasi-likelihood estimators are used to impute each missing
datum. We develop two quasi-likelihood imputation estimators for the mean
functional of the response. The corresponding quasi-likelihood weight imputa-
tion estimators are also investigated. The proposed imputation estimators are
shown to be asymptotically normal, with an asymptotic variance that can be
easily estimated.

The paper is organized as follows. Section 2 introduces the local quasi-
likelihood estimator with the complete-case data, the locally weighted quasi-
likelihood method and the locally quasi-likelihood imputation method. The
asymptotic properties of three methods are studied. The nonparametric quasi-
likelihood imputation estimators of the mean functional of the response variable
are studied in Section 3. Section 4 shows how to access the bias and variance
of the local quasi-likelihood estimators and discusses how to select data-driven
bandwidths. In Section 5, we present results from simulation studies comparing
the proposed estimators. The methods are demonstrated with a data set from
the Collaborative Perinatal Projects in Section 6. Technical proofs are relegated
to the Appendix.

2. Model and Methodology
2.1. The models

Let (X1,Y1,61),...,(Xn,Yn,d0,) be a set of independent random variable
where, for each 7, §; = 1 if the Y; is observed and §; = 0 otherwise, and X is
an observed covariate having density function f. Furthermore, assume that the
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selection probability is P(d; = 1]Y;, X;) = P(6; = 11X;) = 7(X;) > 0. Suppose
that the conditional mean and conditional variance of Y given X are

EY|X =z) =m(z), Var (Y|X = 2) = o?V{m(z)}, (2.1)

for a given function V and an unknown scale parameter 2. In (EZII), only the
relationship between the conditional mean and the conditional variance is given.
Therefore, it is appropriate to apply the quasi-likelihood method. The quasi-
likelihood function Q(u,y) is defined via

0 Y—p
@Q(ﬂvy) = V) (2.2)

and the ith data point contributes Q{m(X;),Y;} to the quasi-likelihood. When
all Y's are observed, one can estimate the parameters in the conditional mean
via maximizing the quasi-likelihood.

A specific case of (21]) is the generalized linear model (McCullagh and Nelder
(1989)), which assumes that the conditional density of Y given X = x belongs
to a canonical exponential family

O(x)y — b{O(x)}
a(®)

for some known functions a(-), b(-) and ¢(+,-). Here the unknown parameter O(-)

Frix(yla) = exp ( +e(y,9)) (2.3)

is called the canonical parameter and ¢ is called the dispersion parameter. Note
that

m(x) = E(Y|X =) =b{0(z)} and Var (Y|X =z) = a(¢)b"{0(z)}. (2.4)

Thus (Z3)) satisfies (D). For the exponential family of models, the quasi-
likelihood (2.2) is just the conditional log-likelihood of (Y7,...,Y,) given (X7,

.., Xp). Thus, the quasi-likelihood approach is an extension of the likelihood
method. If ¢ = (')7!, then g is called the canonical link function. Our in-
terest is to estimate, nonparametrically, the function n(x) = g{m(z)}. A local
quasi-likelihood estimator of n(x) is given by [Fan, Heckman and Wand (1995).
The goal of this section is to extend their technique to handle cases with missing
data.

2.2. The local quasi-likelihood estimation with the complete-case data

We first study the local quasi-likelihood estimator of n(z) basing on the
complete-case data {(X;,Y;) : ; = 1, ¢ = 1,...,n}. Assume that 1 possesses
p + 1 derivatives. For each x, approximate the function locally by

n(z) = Bo+- + Bp(z — )P, (2.5)
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for z in a neighborhood of the point x. Following [Fan, Heckman and Wand
(1995), we construct the local quasi-likelihood for the complete-case data:

le(B) =Y 6Qlg™{Bo + -+ + Bp(Xi — )P}, Vil K, (Xi — ), (2.6)
=1

where Kp,(-) = K(-/h1)/h1 with K a kernel function and h; a bandwidth.
Let Bo(z) = (Boc(),- .., Bpc(x)T maximize @H). Then, the maximum lo-
cal quasi-likelihood estimator of n(*)(x) with the complete-case data is 7, c () =
U!Z}\uc(x) for v =0,...,p, with the convention 7c(z) = 7my,c(z).

2.3. The locally weighed quasi-likelihood estimation

An alternative approach to handling missing data is a locally weighted quasi-
likelihood estimation. Similar to the discussion in Section 2.2, a locally weighted
quasi-likelihood can be defined as

n

w(@) =" w(ii(.)Q[g_l{ﬂo o B(X — )P YK, (X —2), (27)
i=1 v

where the weight 7(z) is the selection probability defined in Section 2.1. Let
Bw (z,7) = (Bow (), ..., Bpw ()T maximize 7). Then, the maximum locally
weighted quasi-likelihood estimator n()(z) can be expressed as 7, w(z,T) =
’U!B\uw(l’, m) for v =0,...,p, with the convention ny (x, ) = now (x, 7).

Note that the selection probability in (7)) is regarded as known. If the
selection probability is unknown, it can be estimated by a kernel smoothing
method. In that case, an estimated locally weighted quasi-likelihood estimator
Bw (,7) can be obtained by replacing 7(X) by its estimator #(X) in (EZ7). It is
clear that the locally weighted quasi-likelihood estimators BW(:L", ) and Bw (z,7)
have the same asymptotic properties in our framework.

2.4. The local quasi-likelihood estimation with the imputed values

The local quasi-likelihood estimator with complete-case data and the locally
weighted quasi-likelihood estimator do not fully explore the information con-
tained in the data. When there are many missing values, a substantial reduction
in estimation efficiency emerges due to discarding incomplete cases in the local
fitting. Stability issues also arise when using only complete case data. Since the
effective number of local data points can be small, the singularity of the Hessian
matrix [¢”(-)] occurs frequently in the analysis of complete case data, particularly
when the bandwidth is small. This is not simply rescued by increasing the size
of bandwidth or using the ridge regression technique (see e.g., Seifert. and Gasser
(1996) and [Fan_and Chen (1999)), because these introduce extra biases.
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We introduce an imputation method to manage the problem of missing data.
The procedure consists of two steps. The first step involves imputing missing Y’s
based on the complete-case data with an initial bandwidth hy. In the second step,
we substitute Y; by Y7 = &;Y; + (1 — &;)g~ 1 (7(X;)), for i = 1,...,n. Then the
local quasi-likelihood based on imputed values is applied, namely maximizing

(B)=D2Q g7 o+ o+ Bp(Xi — o)L V7| Kip(Xi — 7). (28)

i=1
with respect to ﬂj, 7 =0, D W}}ere Kp,(+) is a kernel function and hy is a
bandwidth. Let 8r(z) = (Bo.r,- .., 0p,r) maximize (Z8). Then, the local quasi-

likelihood estimators based on the imputed values are ﬁ§v) (x) = U!BU, 7(x) for

v=0,...,p, with the convention that n;(z) = 7750) ().

A result with 10th percentile rank A result with median rank

Figure 1. Comparison of the performances of the local quasi-likelihood esti-
mator with complete-case data and the imputed values. (a) The 10th per-
centile performance among 400 simulations; (b) The median performance
among 400 simulations. Solid curve — true function. Dash curves are the lo-
cal estimators with the complete-case data (short dash) and imputed values
(long dash).

The proposed imputation method improves the effectiveness of the local
quasi-likelihood estimator with complete-case data. To justify our claim, we
use a simulated example to illustrate the proposed method. The selection proba-
bility 7w(x) = 0.4 and the sample size n = 500. Figure 1 plots a typical estimate of
the local linear quasi-likelihood estimator with the complete-case data and that
of the local imputation method, both using the optimal estimated bandwidth.
Details of simulations can be found in Section 5. In Figure 1(a), the local quasi-
likelihood estimator with the complete-case data does not perform too well, due
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partially to the instability caused by missing values. The proposed imputation
method improves the quality of the local estimator. The local quasi-likelihood
estimator with complete-case data works reasonably well in Figure 1(b). Never-
theless, the local imputation method still improves somewhat on the performance
of the local quasi-likelihood estimator with complete-case data.

2.5. Asymptotic properties

We explore the asymptotic distribution of Bc(x), BW(:C,Tr) and /B_[(IL') For
convenience, we use the following notation. Write p; = [« K (u)du and v; =
[ K (u)?du, j =0,1,2,.... Let

S = (pivj—2)1<ij<pri, S° = (Virj-2)i<ij<pr1, Hi=diag(1,hy,...,hY),

be (p41) x (p+1) matrices. Furthermore, let 5(z) = (n(x), 7' (z),...,n® (z)/p)T
be the true local parameters.

Theorem 1. Under Condition 1 in the Appendix, if nhy — oo and hy — 0, then
Bo(x) and Bw (z,m) satisfy

. (P+1) (o
Vnhy (Hl{ﬂ(w) — B(z)} - ws—lzfﬁlh{“ + op(hf;“))
0.2(1.) —1goxg—1
where Upi1 = (Upt1,--->popr1)t is a (p+ 1)-column wvector, and o?(z) =

lg'{m(x)}]*Var (V] X = ).

The proof of Theorem 1 is given in the Appendix. Comparing this with
Theorem 1 of [Fan, Heckman and Wand (1994), one can easily see that the local
quasi-likelihood estimator based on complete-case data shares the same asymp-
totic bias as that with full data, but has larger asymptotic variance. The extra
factor 1/m(x) can have an adverse effect on the efficiency of estimation, especially
when there are lots of missing values. The results in Theorem 1 also reveal that
the locally weighted quasi-likelihood estimator does not provide any improve-
ment over the local quasi-likelihood estimator with the complete-case data in the
local fitting. The asymptotic normality of the local quasi-likelihood estimator
with the imputed values 3;(z) can be described as follows.

Theorem 2. Under Conditions 1 and 2 in the Appendiz, as n — oo,nhé — 0,
nh/log(1/hg) — oo, hg — 0 and nhy — oo,

Vihs (HaofBi(2) = B(2)} = A(@)) — N (0, —=2=s7lss 7!, (211
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where Hy = diag(1, ha, ..., h5), Up = (i, - - tiprk)’, (k= 0,p+ 1), and

_ @+ (z)
(p+1)!
+0p(h12)+1 + hg“)-

(5—1Up+1h§’+1 +(1- W(J:))elTS_lUpHS_lUOh*gH)

In particular, we have the asymptotic expansion

Vs (iir(@) = (@) = do(@)) — N(0,—-871s"s ), (2.12)
T x

with Mo(z) = n®+V (2)eT §~1U, 4 (hp“ (11— w(:c))hp+1> J(p+ 1)+ o, (BB +

hEt ).

The proof of Theorem 2 is in the Appendix. Note that the imputation
method has a rather simple asymptotic expression. If hg = o(hz) in the impu-
tation, the bias of BI is the same as that of ﬁc. We can select hg and hg such
that the bias of 3; less than (B¢. For example, if hy = hgy < (2 —m(x))" Vet py,
then the bias of BI is smaller than that of Bc. Another gain is that the impu-
tation method has more local data points and is more stable in implementation.

Thus, it improves the finite sample properties. The simulation results in Section
5 reinforce this statement about finite sample behavior.

2.6. Optimal bandwidth

The bandwidth parameter is important in nonparametric curve estimation.
From Theorems 1 and 2, the asymptotic optimal bandwidths h1 oy and ho op
can be chosen by minimizing their asymptotic weighted mean integrated squared
errors, respectively. Denote S™ 1 = (5" ' Jo<ij<p and let

p
Ki(t) =el 1 S7H1,t,.. . ) TK(t) = (ZS“W’)K t
j=0

be the equivalent kernel. Then, the asymptotically optimal bandwidth for esti-
mating 7jc(+) based on the complete-case data is given by

1
o2 (z)w(w) 2p+3
| Fore 4

T{n% D () 2w (z)de n”= %+, (2.13)

hl,opt = CO,p(

and the asymptotically optimal bandwidth hg o for the estimator 77(x) can be
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expressed by solving the following equation:
e, [ @Y - m@)wl)ds e
2ot TS 1) [ () Pue)de 0

o @w() g

— C K 2p+3 7"'(:B)f(r) 214
pr( ) n f{n(p+1) (IE)}2'LU(IE)d:E ’ ( )

where w is a weight function, hg is an initial bandwidth and

)2 [ K (e |7
2+ DU WG (0]

CO,p(K) =

This theoretical optimal bandwidth depends on unknown quantities. In Sec-
tion 4, we provide a data-driven bandwidth selection based on the generalized
pre-asymptotic methods of [Fan_and Gijbels (1995) and [Fan, Farmen_and Gijbels
(1998).

3. Quasi-likelihood Imputation Estimation of The Mean Functionals

We turn to the investigation of the estimation of the mean functionals 6 =
E(Y) using imputed values. (Cheng (1994) studied a kernel regression imputation
estimator of the mean functional. Each missing datum Y is imputed by kernel
regression imputation. The estimate of the mean parameter 6 can be taken as

R 1 &
O = — 0;Y; + (1 — 6;)m(X)], 3.1
@ DY+ (1= 8 (31)
where m(X) is the Nadaraya-Watson kernel estimator based on the complete-case
data {(X;,Y;) : 6; =1,i=1,...,n}. Wang, Linton and Hardld (2004) developed
the kernel regression estimators of the mean functionals in a semiparametric
partially linear regression model.

In the section, we develop the nonparametric local quasi-likelihood estima-
tors of the mean functionals. The local quasi-likelihood estimators developed in
Section 2 are used to impute each missing datum. Four quasi-likelihood impu-
tation estimators for the mean functional of the response are introduced. The
quasi-likelihood imputation estimator and the weighted quasi-likelihood imputa-
tion estimator can be expressed by, respectively,

bo = LSV 4 (1= g e (X 3.2
Q_EZ[’ z+( _z)g {776'( z)}]7 ()

=1

bow =230 | 0¥k (- L ey, 6
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where 71(X;) = >0 0;Ko(X; — X3)/>°7_; Ka(X; — Xi), with Kq(-) a kernel
function and a a bandwidth.

By using the local quasi-likelihood estimator with the imputed values, a
two-step quasi-likelihood imputation estimator of the mean functional and the
corresponding two-step weighted quasi-likelihood imputation estimator can be
expressed as

n

Ir = S [0Yi+ (1= 09~ {in (X)), (34
1=1
D D e IR o0 P CE)
i1 7 7

The following Theorem 3 establishes the asymptotic normality of the pro-
posed quasi-likelihood imputation estimators of mean functionals.

Theorem 3. Under Conditions 1 and 2 in the Appendiz, as n — oo,nAhé — 0,
and nh3/log(1/hg) — oo, the quasi-likelihood imputation estimator \/n(6—0—\)
has an asymptotic normal distribution N(0,A), where A\ = Op(hgﬂ) and A =
Var {m(X)} + E{Var (Y|X)/m(X)}.

The proof is given in the Appendix. The result shows that the proposed
local quasi-likelihood imputation estimators have the (p + 1)st order asymptotic
bias Op(h‘gﬂ). Comparing our results with those in Theorem 1 in (Cheng (1994),
the proposed imputation estimators have a higher order asymptotic bias than
that of the kernel imputed method although both estimators share the same
asymptotic variance. When the data are full, i.e., the selection probability 7(x) =
1, Theorem 3 reduces to the classical result: the asymptotic variance of 0 is
(1/n) [Var {m(X)} + E{Var (Y|X)}] = (1/n)Var (Y). A consistent estimator for
the asymptotic variance A is

N 1 I~ . 2 Var(Y]X;)
A= {lt o) - S an) ety 60

J=1

where Var (Y|z) = 3. 6, Y2K(X; — 2)/ Y 6:Ko(X; — x) — g~ (7(X;))%. For
i=1 i=1

the logistic regression and Poisson regression with the canonical links, we can
specifically estimate the variance by Var (Y|z) = exp{f(z)}/(1 + exp{n(x)})?
and Var (Y|z) = exp{7(z)}, respectively.

4. Estimation of Bias and Variance and Bandwidth Selection

In this section, we assess the bias and variance of the local quasi-likelihood
estimator with complete-case data. Combining the generalized pre-asymptotic
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methods of [Fan_and Gijbels (1995) and [Fan, Farmen_and Gijbeld (1998), we pro-
pose a new data-driven bandwidth selector. The method is also applicable to the
locally weighted estimator and the local imputation estimator.

4.1. Assessing the bias and variance of the estimator

Suppose that n(z) has a (p+ 1+ b)th derivative at the point x for a positive
integer a. Let

LI Y
T(Xi):U(Xi)—ZU(j)(:U)(XZJ%'x), for i=1,...,n.

Jj=0

Since the bias of the estimator Bc(ﬂn) comes from the approximation error in the
Taylor expansion, r(X;) can be approximated by

ﬂp+1(Xi — x)pH + -+ ﬂp_;_b(Xi — w)p+b =Ty, (4.1)

where b denotes the order of the approximation. In general, we put b = 2 as
recommended by [Fan_and Gijbels (1995). Therefore, for given quantities r;, a
more precise local quasi-likelihood is given by

B =3 6Qlg By + - + Bp(Xi — 2 + i} YiKR(Xi —2).  (42)
i=1

Let G5 (z) = (38,0(33)’ . ,B;C(l')) maximize (). Then the bias of S (z) can
be estimated by B¢ (x) — Bg(w) Following [Fan, Farmen and Gijbeld (1998), the
estimated bias and variance of G¢(x) can be written, respectively, as

A A

n -1
B(be (). h) = (Z i (X7 Bo(@) + i, Vi) X XT Ky (X; — w>)
1=1

Y duar (XT Bole) + i, Yi) XiKn(X; — ), (43)
1=1

n -1
V(Be(@), h) = [o*(2)] ! <Z 0iq2 (X?B(J(l‘)aYi> X X{ Kn(Xi — l‘))

i=1

X (Z X XTK? (X, — x))

i=1

. 1
X (Z diq2 <XZTBC(5U), Yz) X X7 Kp(X; — l‘)) ; (4.4)

i=1
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where o%(z) = [¢’{m(x)}]*Var (Y|r). For binary and Poisson regression with
canonical links, 62(z) = (1 4 exp{X7Bc(x)})?/ exp{XT fc(x)} and 6%(z) =
1/ exp{X7 Bo(x)}, respectively. In general, o%(z) can be estimated by the local
residual variance defined by

f 5 (Y - g‘l(X;*TBO’”’)))2 g {mn*(X:) }? Kp (X — @)
6%(z) = =2 ,  (4.5)

Z 61Kh* (Xz — .CC)
=0

where 3(P10) = (ﬁo, ce @H_b)T is the result of the (p+b)th-order local polynomial
fit (Z0) using the pilot bandwidth h* and X} = (1, X; — z, ..., (X; — z)PT0)7T,
and m*(X;) = g~ (X*4®*?)). In the same way, r1,...,7, in the estimated bias
[E3) can be estimated by (El), using the estimator [+,

4.2. Bandwidth selection

In order to derive an estimator of the theoretical optimal bandwidth, a pilot
bandwidth is needed in order to assess the bias and variance. This in turn
requires the selection of a pilot bandwidth. We define a Generalized Residual
Squares Criterion (GRSC) as follows:

GRSC(z;h) = 62%(z){1 + (p+ 1)N}, (4.6)

where %(z) is given by (EH) and N is the first diagonal element of the matrix

n -1/ 5 n -1
(ZéiXiXiTKh(Xi—m)> <252-XZ-XZ.TK,%(XZ-—;U)> (ZéiXiXiTKh(Xi—a:)> .

i=1 i=1 i=1

The intuition behind the GRSC criterion is the same as for the least squares
case proposed in [Fan_and Gijbels (1995). When the bandwidth A is too large,
the polynomial function may not fit well — the bias is large and so is 6%(z). On
the other hand, if the bandwidth A is too small, the variance of the fit will be
large and hence NN will be large as well. The GRSC quantity protects against
both extreme choices. A justification for the GRSC can be found in the following
theorem.

Theorem 4. Under Condition 1 in the Appendix, as h, — 0 and nh, — oo,
then

E{GRSC(z; h,)|X1,. .., Xn}

= o%(z) + Cpm[ﬁ(pﬂ)(iﬂ)]%rao

(p+1)o*(@)

@)@k % <h3p+2 * %> - (47)
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where Cp, = (popt2 — UPTHS_IUPH)/MO, ap = eF'S718* S~ ey and e; = (1,0,...,

0)”, and other symbols are the same as those in Theorem 1.

Theorem 4 can be proved by using arguments similar to those in Fan and
Gijbels (1995). The minimizer of the weighted integration of (E7)) leads to the
optimal pilot bandwidth as follows:

h, = arg m}%n {/ GRSC(z; h)w(:n)d:n}

_ [(p+ 1)1 ng?(t)dtf02(x)w(x)/(w(;p)f(m))ﬂ w5
2nC, [{n®+)}2w(z)dx ,

(4.8)

for some given weight function w. The relationship between h; and " gp¢ in

Z13) is given by

1
*2 2p+3
hl,opt = Cp f KO (t)dz h;
(p+ 1) {[trHIKG(t)de}” [ Kg2(t)dt
= adj o (K. (4.9)

This shows that the minimizer of (B.f) is only a constant factor away from the tar-
get optimal bandwidth. The adjusting constant adjg ,,+(/) is a known constant
that depends only on the kernel function K.

After selecting a pilot bandwidth A7, from (") and (X)), an estimator
[leth) — (Bo, e Berb)T can be derived by fitting a polynomial of degree p +
b locally based on (ZB). Then the estimated bias B((¢(x),h) and variance
V(Bc(z),h) of Bo(x) are obtained. Therefore, the MSE of the first element of
Beo(x) can be estimated by

MASEp,O(ZL'a h) = Bp,O(BC (1')7 h)2 + ‘A/ED,O(BC (l‘), h) (4'10)

Furthermore, a data-driven optimal bandwidth selector is given by

ill,opt = arg m}in {/MSEp7o(w, h)w(:c)da;} , (4.11)

where w(-) is a given weight function.

When the curve 7(-) admits various degrees of smoothness at different loca-
tions, a variable bandwidth selector can be used to enhance the performance of
the proposed local quasi-likelihood estimator.

5. Simulation Studies

Monte Carlo simulations are designed to evaluate the finite sample properties
of the three proposed estimators. The incomplete random sample is {(X;,Y;, d;),



1084 JIANWEI CHEN, JIANQING FAN, KIM-HUNG LI AND HAIBO ZHOU

Performance comparisons on RASE Scatterplot of RASEs
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Figure 2. Simulation results for Example 1 with selection probability 7 (x)
and n = 500. (a) The average RASE as a function of bandwidth for the three
estimation methods; (b) The scatter plot for the RASE of the local quasi-
likelihood estimator with the imputed values versus that of the complete-case
data, using data driven bandwidth (dashed line indicates that both meth-
ods have the same performance); (¢) Pointwise variance of 400 estimated
functions of the three estimation procedures; (d) Pointwise averages of 400
estimated functions of the three estimation procedures. Solid curve is the
local quasi-likelihood estimator with the imputed-data 7j;(z). Dash curves
(from shortest to longest dash) are the local quasi-likelihood estimator with
the complete-case data 7jc(z), the local weighted quasi-likelihood estimator
fiw (x, 7) and the local quasi-likelihood estimator with full data, respectively.
Note that the longest dashed curve in (d) is the true function.

i = 1,...,n}, where the (X;,Y;)’s come from a population (X,Y’) whose con-
ditional distribution is a Bernoulli with P(Y = 1|X = z) = exp{n(z)}/(1 +
exp{n(z)}), and ¢ is a 0-1 random variable with the selection probability 7(J =
1Y, X) = n(X). Two simulation models from [Fan, Farmen and Gijbeld (1998)
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are employed here as testing examples. Their logistic regression functions are
given by

Example 1. n(z) sin(2x)

=3
= Tlexp{—(z 4+ 1)?} + exp{—(z — 1)?}] — 5.5,

Example 2. n(z)
where the design density is the uniform distribution on [—2,2]. The selection
probability given X is taken in turn as m (z) = exp{z}/(1+exp{z}), ma(x) = 0.4,
and m3(z) = 0.9 — 0.2|z| if |z| < 0.6, and = 0.3 + 0.1]z| if 0.6 < |z| < 2. For
each of the above examples with three selection probabilities, 400 simulations are
conducted with sample sizes n = 250,500 and 1, 000.

Performance comparisons on RASE Scatterplot of RASEs
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Figure 3. Simulation results for Example 1 with the selection probability
m2(x) and n=500. Similar captions to Figure 2 are used. Note that /jc(z) and
fiw (x, ) are identical under 72 (x) and hence there are only two procedures.

In the implementation, we employ the local linear fit with the Epanechnikov
kernel K(t) = 0.75(1 — t?).. The performance of each given estimator 7(x) is
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assessed via the square-root of the Average Square Errors (RASE):
1
2

RASE = (n;éd PIRUIED —n(afj)}2> , (5.1)
j=1

where {z;,7 = 1,...,ng4q} are the grid points at which the function 7(-) is
estimated.
Performance comparisons on RASE Scatterplot of RASEs
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Figure 4. Simulation results for Example 1 with the selection probability
m3(x). Captions similar to Figure 2 are used.

Consider Example 1 with the three selection probabilities 71 (z), m2(x) and
m3(z). Figures 2—4 summarize the performance of the local quasi-likelihood
estimator with the complete-case data 7c(x), the local weighted quasi-likelihood
estimator 7y (x,7), and the locally quasi-likelihood estimator with the imputed
values 7r(x), based on 400 simulations with the sample size n = 500. To examine
the efficacy of the imputed-values method in the local fitting, we also give the
performance of the local quasi-likelihood estimator with the full data (use both
the complete-case data and missing data) 7(x).
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Part (a) in Figures 2—4 depicts the average of RASEs, resulting from 400
simulations, as a function of the bandwidth. The average RASE curve for 7(x)
is smaller than those for 7jc(x) and 7y (2, 7) for a reasonable range of the band-
width, while the average RASE curve for fc(x) is almost the same as that for
fw (z, 7). This implies that 77(x) outperforms 7j¢(x) and 7y (x, ) when band-
widths are properly chosen and that 7c(x) and 7y (x, ) perform nearly the
same. Of course, the average RASE curve for 7(x) is the smallest for a reason-
able range of the bandwidth since it uses all data including the complete-case
data and missing data. In part (b) of Figures 2—4, we compare, sample-by-
sample, the performance of 7j;(x) with 7jc(x), both using the optimal estimated
bandwidth in Section 4. For each simulated sample, the RASE of 77 (z) is plotted
against the RASE of rfjc(z). The slope dashed line is a diagonal which marks
the position where 77(x) and 7o (z) have the same performance. Figure (2b)
indicates that 77(z) outperforms 7c(x) more frequently among 400 simulation
trials. To better understand the performance of the three procedures, we plot in
part (c) the pointwise variance of 400 estimated curves resulting from 400 simu-
lations. It is evident that 77(x) has smaller variance and hence gives more stable
performance. The variances of 77(z) and 7j(z) are closer for all local points. This
indicates that 77(z) can improve substantially on 7¢(z) and 7y (z, 7). Part (d)
of the figures shows the average of 400 estimated curves. It indicates the bias of
three competing procedures — they have about the same amount of bias.

We now consider Example 2. The performance is summarized in Figure 5.
Similar to that in Example 1, substantial gains are obtained by the local quasi-
likelihood estimator with the imputed values. The proposed imputation method
outperforms those that use only the complete-case data. This is somewhat ex-
pected since the imputation method makes better use of the observed data in
the local fitting. Again, 7j7(x) is a more stable estimator.

Table 1 presents the results for the imputation estimators éK ég, éGW, éT
and éTW for both Examples 1 and 2 with the different missing selection probabil-
ities. The sample sizes studied are n = 250, and 400 simulations are conducted.
We make the following observations. (i) All the imputation estimators of the
mean functionals are valid. (ii) The proposed estimated variances SE in (BH)
provide good estimates for the variances of . (iii) The proposed quasi-likelihood
imputation estimators ég, éGW, éT and éTW have smaller variances than that of
the kernel imputation éK, while the two-step imputation estimator éT has the
smallest variance.
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Comparisons on RASE
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Figure 5. Simulation results for Example 2 with the three selection proba-

bilities. Captions similar to Figure 2—4 are used.

6. Application to Data

We illustrate the proposed methods by analyzing a data set from the Col-

laborative Perinatal Project (CPP). CPP was a prospective study designed to
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Table 1. Simulation study for the estimators of the mean functionals. The
results are based on different missing functions 7(z), and the sample size
n = 250.

Examples | m(x) 0 Estimator | 0 0c Oaw Or O

1 m1(z) | 0.5000 Mean 0.4981 0.4981 0.4982 0.4994 0.4983
SE 0.0409 0.0409 0.0401 0.0397 0.0401
SE 0.0400 0.0401 0.0401 0.0411 0.0411

ma(x) | 0.5000 Mean |0.4960 0.4951 0.4956 0.4956 0.4958
SE 0.0434 0.0446 0.0429 0.0426 0.0428
SE 0.0436 0.0439 0.0439 0.0458 0.0458

m3(x) | 0.5000 Mean 0.4964 0.4960 0.4961 0.4965 0.4962
SE 0.0389 0.0387 0.0383 0.0374 0.0383
SE 0.0392 0.0395 0.0395 0.0405 0.0405

2 m1(x) | 0.5571 Mean |0.5574 0.5598 0.5560 0.5560 0.5562
SE 0.0455 0.0452 0.0450 0.0444 0.0450

SE 0.0423 0.0425 0.0425 0.0429 0.0429

ma(x) | 0.5571 Mean 0.5564 0.5573 0.5545 0.5515 0.5546
SE 0.0496 0.0499 0.0491 0.0488 0.0488
SE 0.0468 0.0471 0.0471 0.0478 0.0478

m3(x) | 0.5571 Mean |0.5502 0.5523 0.5530 0.5557 0.5526
SE 0.0431 0.0429 0.0423 0.0422 0.0423
SE 0.0413 0.0415 0.0415 0.0420 0.0420

identify determinants of nuerodevelopmental deficits in children (Niswander and
Gordon (1972)) About 56,000 pregnant women were recruited between 1959 and
1966 in the U.S. and blood serum samples were collected during pregnancy. In a
recent study (Longnecker, Klebnoff, Zhou and Brock (2002)). the investigators
thawed a subsample of 344 of the frozen blood serum samples and measured
the extent of exposure to Polychlorinated biphenyls (PCBs), an ubiquitous en-
vironmental contaminant, for these women. In this analysis, we looked at the
relationship between the women’s PCBs exposure (high or low) and their body
mass index at the beginning of the pregnancy. In addition to the 344 women
with the outcome variable (level of PCBs), we also have an additional subsample
of 696 where we observe only the covariate (the body mass index). The total
sample size in this example is 1,040.

We apply the Bernoulli likelihood and logit link function to these data. The
proposed local quasi-likelihood estimation with complete-case data and the local
quasi-likelihood estimation with imputed values are used to estimate logitP(Y =
1|X = z). The Epanechnikov kernel is used. We apply the data-driven band-
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width developed in Section 4 to select the optimal bandwidths. The corre-
sponding bandwidths are h; = 2.79 and hy = 2.32. Figure 6(a) shows the
estimated logit functions for both local estimators. The solid line is the local
quasi-likelihood estimator with the imputed values and the dashed line is the lo-
cal quasi-likelihood estimator with the complete-case data. Figure 6(b) plots the
estimated conditional probability by the imputation method. The dashed lines
are the estimated function plus (or minus) twice the estimated standard errors
at each given point. They give us rough ideas about the estimation errors. For
comparison purposes, we have also employed local estimation with the complete-
case data. Figure 6(c) summarizes the results. Comparing the figures, one can
see that the imputation estimator is more efficient than the one that uses only
complete cases. The reduction in the variance is evident.
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Figure 6. Analysis of CPP data where Y is level of PCBs and X is the body
mass index. (a) estimated logit function. Solid curve is the local quasi-
likelihood estimator with the imputed data, and dashed curve is the local
quasi-likelihood estimator with the complete-case data; (b) estimated con-
ditional probability function by the local quasi-likelihood estimator with the
imputed values and the observed data; (c) estimated conditional probability
function of the local estimator with the complete-case data and the observed
data.

7. Concluding Remarks

Local maximum quasi-likelihood estimation is a useful technique for nonpara-
metric fitting of generalized linear models. We extend this technique to handle
data with the response variable missing at random. Three local quasi-likelihood



LOCAL QUASI-LIKELIHOOD ESTIMATION 1091

estimators have been proposed. We have shown that the locally weighted quasi-
likelihood estimator does not provide any improvement over the local quasi-
likelihood estimator with the complete-case data. The proposed imputation
method, on the other hand, outperforms the other two methods. The local
imputation method provides a more stable estimate. Specifically, the local im-
putation method is more efficient than the one that uses only complete cases for
the finite small sample. The improvement does not merely come from incomplete
observations, but from the fact that imputed data allow for more stable choices
of the optimal bandwidth.

We have developed a class of quasi-likelihood imputation estimations of the
mean functional with the use of the imputed values. It is shown that the proposed
mean estimators are asymptotically normal with asymptotic variance that can be
easily estimated. It has a higher order asymptotic bias than the kernel imputed
method. Simulation studies have shown that the proposed imputation estimators
perform well. In the implementation of the local linear regression smoothers,
a data-driven bandwidth selection with the missing data has been established.
Numerical examples in Section 5 show that the choices of bandwidth parameters
are useful.
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Appendix. Proofs of Theorems 1, 2 and 3

We now impose some regularity conditions for the following theorems.
Let qi(z,y) = (8'/02")Q{g~ " (x),y}, | = 1,2,3. Then

a(z,y) ={y—g (@)} (z) and ga(z,y) = {y — g (x)}p) () — pa(x), (A1)

where py(z) = [¢/(m(x))'V (m(z))] ", 1=1,2.
For each given point x, the following conditions are needed.

Condition 1.

(1) The function g2(z,y) < 0 for x € R and y in the range of the response
variable.

(2) The functions f(-),7(-),n®+D(-),V'(-) and ¢""(-) exist and are continuous at
the point z.

(3) Assume that pa(x) # 0, Var(Y|X = z) £ 0, ¢'{m(z)} # 0, f(x) # 0 and
m(z) # 0.

(4) E(Y*X =) is bounded in a neighborhood of the point z.
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(5) K has bounded support.

Condition 2.

(1) The density function of X has a continuous second derivative.

(2) The function n®P*1)(.) is continuous on its support D, which is assumed to
be bounded.

(3) The function V”(-) is continuous.

(4) The function ps(z) is twice differentiable in x € D.

In order to prove Theorems 2 and 3, the following lemmas on uniform con-
vergence are needed.

Lemma 1. Let (X1,Y,),...,(Xy,Y,) be i.i.d. random vectors, where the Y/s are
scalar random variables. Assume that E|Y|* < oo and sup, [ |y|*f(z,y)dy < oo,
where f denotes the joint density of (X,Y). Let K be a bounded positive function
with a bounded support, satisfying a Lipschitz condition. Then,

sup
xeD

o g{f% (X — %)Y — E[Ky (X; xm]}‘ -0, [%] }

provided that n**~1hy — oo fore <1 —s71.

Proof. It follows immediately from the result obtained by IMack and Silverman
(1982).

Lemma 2. Under the assumptions in Theorem 3, we have

A 1 - . - —
S ) =) = et 2 e )

1
=0, {hg“cn +c2 1og%(h—)} ,
0

where W; is the first element of the wvector 8;q1(7i(z),Y;)S™ Z;, and ¢, =
(nho)_1/2.

Proof. The proof can be completed by using Lemma 1 and Lemma A.1 in
Carroll, Fan, Gijbels and Wand (1997).

Proof of Theorem 1. The proof of this theorem can be completed by methods
similar to those in [Fan, Heckman and Wand (1997).

Proof of Theorem 2. First of all, we consider the normalized estimator

. . . . (»)
B = g Ha(Br(a) — B(@)) = az" (Bo = (e, W5y — T =)
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where a, = (Vnhy)™'. Let Zf = (1,(Xi — 2)/ha, ..., (X; — )P /h5)T, V7 =
§:Yi + (1 —6)97H(7(Xy)), Y =6Yi+(1— 6:)9 1 (n(X;)). Then, f7 maximizes
the normalized function

£al7) = ha 2_: {@lo @) + i 20 Y7 | - Qg7 ). ¥ | }
Ko (X — ). (A.2)

By Taylor expansion of Q[g~'{-}, Y;*], it follows that
* * 1 * *
(B7) =V Bi + §ﬁIBnﬁI{1 +op(1)}, (A.3)

where V,, = hoan > i 1 (ﬁ&x),fﬁ*)) Z:Kp,(X; — x), and B,, = hga? Sy

a2 (7(2), V7)) Z:Z;" Koy (X~ ). Now define || -1 |l oc = supsep (x) = ()]
By Lemma 2, || 7 — 7 ||co= Op(hgﬂ). It can be shown that

B, = —pa(z) f (@) (pitj—2)1<ij<p+1 + 0p(1) = =B + 0p(1). (A4)

In fact,

B, — hya2 Y a2 (71(2), ") Z3Z} Kp,(X; — )

i=1

<Op (1= o) = 0p(1)-

1 n
=3 Z:ZE Ky (X; — 1)
n

=1

By (B;)ij = (EBy)ij + Op({Var (By)ij}'/?), we have
hoa 3 ax (@), V7' ) 272 Ko (X — )
i=1
=B [ (i (@), ¥7") 212" K, (X3 = 2)] + 0,(1)
= B [g2 (1 (2), m(X1)) 228" Ky, (X1 — )] +0,(1) = ~B+ 0,(1)

This establishes the result in ([AZ)). On the other hand, we have

n
Vi = haan Y a1 (7:(2),Y;") Z K,y (X — )
i=1

a3 [ (). ¥7) = a1 (o). 7)) 22K (X, = o)
=1

=Vn + Vn2'
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By Lemma 2, the second term in the above expression can be expressed as

n

Vnz = haan > (1= 6:)[g™ " (n(X)) (7(Xs) — (X)) pr (7 (2)) Z; Koy (X — )
=1

+0p {(nho) |17 = |12}

b ~ (1—6)p1(7i(x))
= fattn ZZ:; nf(Xi)m(Xi)p1(Xi)

n
x> el 65q1(0j(Xi), Y5) ST 22 Koy (X — ) Ko (X — X)

D=

+Op {(’I’Lh2)1/2h18+1cn + (nhz)%ci log (hl )} + OP {(nh )%h (p—H)}
0

=T, + 0p(1).

By Taylor’s expansion, 7;(X;) — n(X;) = —n®)(X;)(X; — X;)P*/(p + 1) +
op {(X; — X;)P™'}, and therefore

T = haan Y 6501(n(X;),Y))
j=1

n (1 —=0)p1(mi(z)) 7.1 - . .
X[Z"f(Xi)W(Xi)Pl(Xi)els Z;Zi Ky (Xi — 2) Ko (X — Xi)

hQ&n

(1 -a)pme) )
" [; n}(m)&gpi &.)n( X)) (X, — Xt

xel STVZZY Ky, (X; — 2) Kpo (X —XZ-)]

top { (nh2) 205}

= Ty + Tz + 0p { (nha) 315}
It can be shown via calculating the second moment that

Ty =T, 250 and Ty — T2y 20, (A.5)

n
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where

" 1—7(X,;))p1(7;(x _ N
T7/11:h2anzf5jQ1(77(Xj)7Yj)( (X)) 1)((;( ))€1TS "OZ5 Ky (X — ),

= m(Xj)p1(X;)
R hoa,
2 (p—l—l)! =~ J 2( ( ]) ])
1—7n(X;))p1(7i(z _ .
e 2 S UK 0 ),
J J

with Uy = (1,1, ..., 1p)T and el S0y = 1. Combining (A3)-([AF), we have
0n(B) = (Va1 + Ty + Tlo) 85 — 3iBB;/2 + 0,(1). Then, applying the same

citation as before, we get
B; =B N (Vo + Toy + Thy) + 0p(1). (A.6)

Since Vi1 + Ty + T, is a sum of i.i.d. random vectors, we can establish the
asymptotic normahty of 3% 7 by calculating the first two moments. Similar to the

proof of Theorem 1, it is easy to show that

E(Vy + T +T.s)

=a,'E {ql (ﬁl(w),élYl +(1- 51)9_1(77()(1))) 71K, (X) — w)}
htla,! (1 —m(X1))p1(Mm()) ¢ _
-t bl oo, v ST o (x5

XZiKp, (X1 — ZL')}

(P+D) (z)pE T
=Vl ) (@)U 1+ (1)
(p+1) () pPT!
m%(l — w(@)pa(e) f @)l S Upiali {1+ 0p(1)}

Var (V1 + 1oy + Ths)
_ hyVar {q1 (@), 61Y1 + (1 — 619~ (0(X1))) Zi Ko (X1 — )

(o). ) S g, (340,01 0,18
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= |m(x)Var (Y]z)p(2)* f(2)S* +2(1 — 7(x)) Var (Y]z)p1(2)* f(2)S”

— TT\Z 2
pr(ovar (i) T 05| 14 0,0)
_ 7”(:()5)@)5* {1+ 0,(1)}

=W {l+0,(1)}.
It can be shown that Liapounov’s condition is satisfied and hence
(5*; BBV + T, + T;LQ)) = N(o, B—1WB—1>.
We have established Theorem 4.

Proof of Theorem 3. (i) We prove Theorem 3 for fg. It follows from (B
that

_ 1 ¢ _
Vi (B -0) = IZ{gl -))—9}+%;6i{m—gl<n(xi)>}

+ﬁ SO0 -6 Lo~ (X)) — 0 (X))
=1
=10+ 1+ Is. (A7)

By Lemma 2, the third term in the above expression can be written as

Iy = %Zu = )l @O (06) ~n(X0)} + Op (nF - )

lg~
21 8) X ZelTaqu 77(X:), Y;)S T 2 Ko (X — X5)
1 p+1 19, 1.1 1. 2(p+1)
+0, {mho cn—l—mcnlogz(h—)}—l—Op <n2h0 >
0
EI31—|—OP(1).

Since 77;(X;) — n(X;) = O, {(X; — X;)P*'}, we obtain
Ze diq1(n v;)Ss~!

[Dl— 5)g{m7(zf())})v? <’)”'X>z Ko (X, - X
=1

=I3+0, (n%hg+l> .

+Op (n%thrl)
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By calculating the second moment, it can be shown that
I3y — Ity 250, (A.8)

where Ity =n~ 230 §;q1(n(X;), Yy)el ST U(1—=m(X;))/[m(X;)p1 (X;)]. Com-
bining (A7), (AF) and the result e/ S~1Uy = 1 leads to

fic—o)

#[ (5 1) - o) eFs ]+ o, (i)

- -1 ) 0;
= 7 2l @001+

By the Central Limit Theorem, Oc is asymptotically normal.

(Yz-—g—l(mxi))] }+Op (n¥r5*) . (A9)

(ii) We prove Theorem 3 for fgy. Based on [B3), we have

N 1 & _ 1 &« 0 _
Vi (dow —0) = —= AT X))~ 0} + 23 ey (Y X))

+% ;(1 - W(ii(i) {o7'(n(X2)) — g7 (X))}

1 07 (Xi) — 7m(X5)) _
LT @y e )} o)
=J1+ Ja+ J3+ Jy+ op(1). (A.10)

Similar to the proof of (i), the third term can be reduced to
1 O _
J3 = 7 ]Z::le{&j(h(n(Xj)v Y;)st

n b g'{m(X;))}Var (Y|X;) - )
* LZ:; (1 F(Xi)> nf(X;)m(X;) ZJKhO(X] Xi)| +op(1)
=0, (nbig™). (A11)

Next, by using the kernel estimator #(X;) = > 7 §; Ko (X;—X14)/ > 01 Ko(X;—
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X1i), we have

1 o; (m(X; m(X; _
J4 — % ; ( ( 7T2)(X)( )) {er —yg 1(77(X2))}
=7 ;[@ (X)) — ; 2 9 X))} Ka(Xi - X;)
+op(1)
= op(1). (A.12)

Therefore, we have

Vi (B —0) = = > {7 0 0} + =Y % ¥ - g (X))}

=1
+Op <n%hg+1> . (A.13)

This together with a limit theorem, establishes Theorem 3 for O .
(iii) With the same proofs as in (i) and (ii), we have proved the asymptotic
normality of 67 and O7y,. This completes the proof of Theorem 3.
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