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ABSTRACT

We presentyet anothernew family of masksfor high-contrastimaging as re-
quiredfor theto-be-built terrestrialplanet�nder spacetelescope.Wecall thesemasks
checkerboard masks.They consistof two barcodemasks,onerotated90� with respect
to theother. Eachbarcodemaskprovidescontrastto the10� 5 level. Thecheckboard
maskthenachievesa 10� 10 level of contrasteverywhereexceptalongthe two axes
of symmetrywherethe contrastremainsat the 10� 5 level. With thesedesigns,we
are able to reducethe inner working angleto 2�=D for eachbarcodewhich trans-
latesto 2

p
2�=D alongthediagonalof theassociatedcheckerboardmask. We show

that by combininga Lyot-planecheckboardmaskwith an image-planeocculterwe
canachieve eventighter innerworking angles,althoughaswith occultingdesignsin
generalpointingerrorandstellarsizebecomenontrivial issues.Checkerboardmasks
canbethoughtof asthebinary-maskanalogueof Nisenson'sapodizedsquareaperture
concept.

Subjectheadings:planetarysystems— instrumentation:miscellaneous
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1. Intr oduction

Following our previouswork on pupil-planemasksfor high-contrastimagingin thecontext
of terrestrialplanet�nding (seeKasdinetal. (2003);Vanderbeietal. (2003b,c)),wepresentin this
paperfurther new pupil masksaswell assomepupil-plane/image-planecombinationsof masks.
Most of our earlierpupil-planemaskdesignshave aninnerworking angle(IWA) of 4�=D , which
implies a main mirror in the 12 m range(asusual,� is wavelengthandD is aperture).Oneof
themainobjectivesleadingto thedesignspresentedin thispaperwasto decreasesigni�cantly this
innerworkingangle.If theinnerworkinganglecanbereducedto 2�=D , thenthemainmirror can
bedroppeddown to the6 m rangeandstill becapableof studyingthesamesetof stars.This is our
goal.

Oneof thepupil maskspresentedhereachievesa contrastratio of 10� 10 in four rectangular
regionsof the imageplanegivenby f (� ; � ) : 2 < j� j < 20; 2 < j� j < 20g. Thepointsof high-
contrastthatareclosestto thecenterof the star's imageoccuralongthediagonalsandtherefore
correspondto aninnerworkingangleof 2

p
2 = 2:8�=D .

The masksconsideredin this paperconsistof rectangulararraysof rectangularopennings.
Wecall themcheckerboard masks.They canbebuilt astwo identicalstripedmasksoneplacedon
top of the otherbut orientedso that the stripeson onemaskareorthogonalto the stripeson the
other(seeFigure1). We call the stripedmasksbarcodemasks(seeKasdinet al. (2004)). Each
barcodemaskneedonly provide a contrastratio of 10� 5—it is thenguaranteedthatthetwo-mask
overlaycanachieve a contrastof 10� 10. This is importantsinceit is quite feasibleto checkin a
laboratorythatabarcodemaskachieves10� 5 but is dif�cult, if not impossible,to checkthatamask
achieves10� 10 on theground.Notethat this performanceguaranteeassumesthat theFraunhofer
approximationis adequateandthat the instrumenthasa wavefront amplitudeandphasecontrol
systemthat is ableto achieve therequiredextremecontrast.Thesearevery seriousissuesthatwe
andothersareworkingonandwill reporton in otherpapers.

We show thatonecangetaneventighterIWA of 1:4
p

2 = 2:0�=D by placinga rectangular
pupil-planemaskin the Lyot planeof a traditionalcoronagraphandusingan image-planehard
occultingmaskconsistingof a “plus-sign” shape,f (� ; � ) : j� j < 0:6; j� j < 0:6g. We show that
suchacoronagraphcantoleratepointingerrorsaslargeasabout0:05�=D .

Finally, in the interestof producingan on-axiscoronagraph,we presenta Lyot-planerect-
angularpupil maskwhich includesa 2% 4-vanespider. A similar spidercanthenbe placedin
theentrancepupil andprovide theopportunityto placea small secondarymirror at thecenterof
the plane. Having sucha spiderover the entrancepupil provides the possibility of building an
all-mirror on-axissystemandin this way greatlyreducingthenegative effectsof differentialpo-
larizationthatareaconcernwith off-axisdesigns.Of course,a2%secondarymirror is verysmall
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andperhapsnotpractical.

2. Pupil Apodizationsand Masks

In this paper, we assumethat telescopeopticsfollow theFraunhoferapproximation.Hence,
given a pupil planeapodizationfunction 0 � A(x; y) � 1, the image-planeelectric �eld cor-
respondingto an on-axispoint sourceis given by the two-dimensionalFourier transformof the
apodizationfunction:

E(� ; � ) = bA(� ; � ) :=
ZZ

e2� i (� x+ � y)A(x; y)dydx: (1)

If theapodizationfunctiontakesonly thevalueszeroandone,thenthefunctionrepresentsamask.
Theintensityin theimageplaneis thesquareof themagnitudeof theelectric�eld. For anon-axis
point source,this intensityfunctionis calledthepoint spreadfunction(psf).

Certainperformancemetricsguideour choiceof the bestpupil apodization(or mask). For
example, the inner working angle � iwa and outer working angle� owa specify the desiredhigh-
contrastregion. For circularly symmetricdesigns,high contrastis speci�ed by the requirement
that

jE(� ; � )j2=jE(0; 0)j2 � 10� 10; � iwa �
p

� 2 + � 2� owa: (2)

Anotherimportantconsiderationis theamountof light thatgetsinto themainlobeof thepsf. We
expressthis asa fractionof thetotal light availableto anopenunapodizedapertureandcall it the
Airy throughputdenotedTAiry . Finally, the full-width half-max(FWHM ) of the main lobe of the
psf is animportantmeasureof thesharpnessof thepsf. For comparisonpurposes,wereview these
metricsfor somesimpleapodizations.

2.1. Clear Aperture

For an opencircular aperture,FWHM = 1:02, TAiry = 84:2%, and, if we de�ne the inner
working angleastheangleof the�rst null, which de�nes theborderof theAiry disk, then� iwa =
1:24. Of course,with thisde�nition of � iwa, thecontrastconstraint(2) is not satis�ed. This is bad.
If we choose� owa = 1 and thenpick the smallest� iwa for which the contrastconstraint(2) is
satis�ed,weget� iwa = 743, far too largefor apracticalplanet�nding system.
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2.2. Optimal Cir cularly Symmetric Apodization

In Vanderbeiet al. (2003b),we presenteda circularly symmetricapodizationthat we found
by maximizingE(0; 0), which is a simplesurrogatefor Airy throughput,subjectto contrastcon-
straintsasgivenby (2) andsomemild smoothnessconstraintson theapodizationfunction. In this
way, wefoundanapodizationfunctionfor whichFWHM = 2, � iwa = 4, � owa = 1 , andTAiry = 9%.
Exceptfor the impositionof smoothnessconstraints,this apodizationrepresentsthebestthatone
canexpectto achieve with any circularly symmetricapodizedor shapedpupil design.In particu-
lar, theAiry throughputof 9%shouldbethoughtof asanupperboundon thethroughputonecan
obtainif onewishesthereto beno light brighterthan10� 10 outsideof theinnerworking angleof
4�=D . Thegethigherthroughput,onemustaccepteithera larger innerworking angle,a smaller
outerworkingangle,or adesignin which thedarkzoneis notanentireannulus.If weassumethat
a throughputof 9%is adequate,thentheonly downsideto thisdesignis thatit is notpossiblewith
currenttechnologyto apodizeapupil to thelevel of precisionrequired.

2.3. Concentric Ring and SpiderwebMasks

Also in Vanderbeiet al. (2003b)we show that,if onerelaxesthesmoothnessconstraint,then
theoptimalsolutionturnsout to bezero/one-valued,i.e., a mask.Themetricsfor this designare:
FWHM = 1:9, � iwa = 4, � owa = 60, andTAiry = 9%. Theonly downsideto this designis that the
maskconsistsof concentricringsthatmustbesupportedsomehow. If they arelaid on glass,then
thereis concernthat imperfectionsin the glasswill introducetoo muchscatteredlight. Another
possibilityis to usea largenumberof spidersto supporttherings. If thenumberof spidersis large
enough,saymorethan150, thena reasonablylargedarkzoneis preserved. But, again,concerns
aboutmanufacturabilityresurface. Also, throughputis reducedsomewhatby thepresenceof the
spidervanes.

3. Barcodeand Checkerboard Pupil Masks

In theprevioussection,we reviewedour prior work on circularly symmetricpupil maskde-
sign. With thosedesigns,the bestwe wereableto do is to get an inner working angleof 4 and
an Airy throughputof 9%. Also, manufacturabilitywasan issuein all of thosedesigns.In this
section,we introducenew pupil designsthatbreakthe� iwa = 4 barrierandaremoreamenableto
manufacture.

We shouldnotethatonecanalsobreakthe9% throughputbarrierby limiting thediscovery
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zoneto lessthan360� . The original Spergel pupil (Spergel (2000)) is an exampleof this asare
someof thedesignswehavedevelopedearlier(see,e.g.,Figure8 in Vanderbeietal. (2003a)).

If the apodizationfunction dependsonly on oneof the coordinates(eitherx or y), thenwe
say that it is a one-dimensionalapodizationor a one-dimensionalmask. We also refer to one-
dimensionalmasksasbarcodemasks.This family of maskswerestudiedin Kasdinet al. (2004).
In this paper, we areinterestedin masksthat correspondto the tensorproductof a pair of one-
dimensionalmasks:

A = Ax 
 Ay , A(x; y) = Ax (x)Ay(y): (3)

Theelectric�eld correspondingto a tensorproductis itself a tensorproduct:

E = bA = \Ax 
 Ay = cAx 
 cAy: (4)

In otherwords,
E(� ; � ) = cAx (� )cAy(� ): (5)

Tensorproductsof smoothapodizationswere�rst proposedfor terrestrialplanet�nding in Nisen-
sonandPapaliolios(2001).

Sinceintensityis thesquareof themagnitudeof theelectric�eld, it followsthatfor acontrast
of 10� 10, weseekapodizationfunctionsthatprovide thefollowing contrastinequalities:

jE(� ; � )j � 10� 5E(0; 0); (� ; � ) 2 O; (6)

whereO denotesthepointsin theimageplaneat which high contrastis to beachieved. Suppose
asbeforethattheapodizationfunctionis a tensorproduct.If thesetO is ageneralizedrectangle

O = f (� ; � ) : � 2 O� ; � 2 O� g (7)

(i.e.,O = O� � O� ), thenthecontrastinequalitiescanbeachievedby giving two one-dimensional
apodizationsthateachachievea contrastratioof only 10� 5:

j cAx (� )j � 10� 2:5cAx (0); � 2 O� ; (8)

j cAy(� )j � 10� 2:5cAy(0); � 2 O� : (9)

Figure1 shows a checkerboardmaskcorrespondingto O� = O� = f � : 2 � j� j � 25g. The
maskhasa28:1%openarea.Its Airy throughput, de�ned as

TAiry =

� 0Z

� � 0

� 0Z

� � 0

jE(� ; � )j2d� d� ; (10)
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where� 0 denotestheinnerworkinganglefor thebarcodemask,is 15:1%. Thesharpnessmeasured
alongthediagonalis FWHM = 0:94�

p
2 andits innerworking angleis � iwa = 2

p
2. This design

breaksboth the 4�=D inner working anglelimit andthe 9% Airy throughputlimit. Thesegains
comeat the expenseof introducinga + -shaped“dif fractionspike” at the10� 5 level thatextends
beyondtheinnerworkingangleaswell asasmallishouterworkingangle.

Figure 2 shows anothercheckerboardmask. For this mask,a 2% centralobstructionwas
imposedon the design. With sucha centralobstruction(andimplied spiders)onecanhangand
hide a small secondarymirror and thereforebuild a telescopewith an on-axisoptical path. In
this design,we have usedO� = O� = f � : 2 � j� j � 11g. The maskhasa 17:2% open
area. Its Airy throughput, is 5:3% andits inner working angle(measuredalongthe diagonal)is
� iwa = 2

p
2. It remainsto bedeterminedwhetherthereducedthroughputandthesmallnessof the

centralobstructionoutweightheadvantagesof having anon-axisdesign.

We endthis sectionby pointing out that PSFsassociatedwith thesemasks(and in fact all
pupil-planemasks)dependon wavelengthonly in that the inner working angleis measuredin
units of �=D , where� is wavelengthandD is aperture.Hence,measuredin radians,at longer
wavelengthstheinnerworkingangleis correspondinglylarger.

4. A Lyot Coronagraph

Consideran imagingsystemconsistingof anentrancepupil, a �rst imageplane,a reimaged
(Lyot) pupil plane,anda �nal imageplane(containinganimagingdevice). We assumethateach
of the �rst threeplanescanbeapodized/masked. Following KuchnerandTraub(2002),we let A
denotethemaskfunctionfor theentrancepupil, M̂ themaskfunctionfor the�rst imageplane,and
L themaskfunctionfor theLyot pupil.

The electric �eld at point (� ; � ) in the �nal imageplanecorrespondingto an off-axis point
sourceis acompositionof maskmultiplicationandFouriertransformation:

F
�

L � F
�

cM � F (A � F� � 0 ;� � 0 )
� �

(� ; � ) = bL �
�

cM � ( bA � � � 0 ;� 0 )
�

(� ; � ); (11)

whereF� � 0 ;� � 0 denotestheelectric�eld at theentrancepupil correspondingto apointsourcefrom
direction(� 0; � 0), � � 0 ;� 0 denotesaunit massdeltafunctionat(� 0; � 0), hatsdenoteFouriertransforms
andstarsdenoteconvolutions.

It is easyto seethatif eachof L, M , andA aretensorproducts(L = L x 
 L y , M = M x 
 M y ,
A = Ax 
 Ay), thentheelectric�eld againfactorsinto aproductof electric�elds:

bL �
�

cM � ( bA � � � 0 ;� 0 )
�

(� ; � ) = cL x �
�

cM x � ( cAx � � � 0 )
�

(� ) cL y �
�

cM y � ( cAy � � � 0 )
�

(� ) (12)
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We usethis factorizationto greatlysimplify thecoronagraphoptimizationproblemsdescribedin
thenext section.

5. Lyot CoronagraphOptimization Problemand Numerical Results

As in ourpreviouspapers(Kasdinetal. (2003);Vanderbeietal. (2003b,c)),weusenumerical
optimizationto maximizesomemeasure� of throughputsubjectto imposedcontrastconstraints.
For the designspresentedin this section,we solve the following one-dimensionalbarcodeopti-
mizationproblem:

maximize �

subjectto � � bL �
�

cM � ( bA � � � ;� )
�

(� ; � ); (� ; � ) 2 O;

�
�
� bL �

�
cM � ( bA � � 0)

�
(� ; � )

�
�
� �

bL �
�

cM � ( bA � � � ;� )
�

(� ; � )

102:5
; (� ; � ) 2 O:

(13)

The�rst setof constraintssaythat� is a lowerboundon theelectric�eld of a unit off-axissource
(i.e, a planetasbright asa star)asthe off-axis sourcevariesover the high-contrastregion. The
secondsetof constraintssaythatthemagnitudeof theelectric�eld at � 2 O dueto anon-axisstar
is smallerthantheelectric�eld at thesamepoint in the imageplanedueto a muchfainterplanet
whoseimageis centeredat this point � . ThefunctionsL, M , andA arefunctionsof a singlereal
variableandrepresenteitherthex or they componentof a tensorproductthatoneformsto make
the �nal two dimensionalimage. By specifyingprescribedfunctionsfor A andM (actually, cM )
we canoptimizeonly the function L. In this case,the problemis an in�nite dimensionallinear
programmingproblem. Discretizingthe imageandpupil planesreducesthe problemto a �nite
dimensionallinearprogrammingproblemthatcanbesolvednumerically.

We now give two speci�c examplesof Lyot coronagraphs.For the�rst example,we specify
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that

A(x) =
�

1 jxj � 1
2

0 otherwise
(14)

cM (� ) =
�

1 0:6 � j� j � 84
0 otherwise

(15)

jL(x)j
�

� 1 jxj � 1
2

= 0 otherwise
(16)

O = f � : 1:4 � j� j � 21g (17)

The optimal barcodemaskis shown in Figure 3 togetherwith the correspondingcheckerboard
mask. This coronagraphhasan off-axis Airy throughputof 6:2% andits inner working angleis
FWHM = 1:4

p
2.

Thesecondexampleis thesameasthe�rst exceptthatwe imposeacentralobstructionin the
pupil-planemasks:

A(x) =
�

1 0:01 � jxj � 1
2

0 otherwise
(18)

jL(x)j
�

� 1 0:01 � jxj � 1
2

= 0 otherwise
(19)

The optimal barcodemaskis shown in Figure 4 togetherwith the correspondingcheckerboard
mask. This coronagraphhasan off-axis Airy throughputof 3:5% and,again,the inner working
angleis � iwa = 1:4

p
2.

Sincethedesignspresentedin this sectioninvolveanimageplanemask,theassociatedPSFs
dependon wavelengthin a morecomplicatedway thanthe designsgiven in Section3. To test
this wavelengthdependency, we did a crudetest. We computedthe imageof our usual3-planet
systemusingfour differentwavelengths,two shorter(85%and90%) andtwo longer(105%and
110%) thanthedesignedwavelength.As Figure5 shows,thelossof contrastoccursatwavelengths
shorterthanabout90%andlongerthan105%of thedesignpoint.

6. Conclusions

In this paperwe have presenteda new maskconceptandfour speci�c new maskdesignsfor
high-contrastimaging. Table1 summarizesour resultsin tabular form. We leave it to othersto
decidewhichof thesefour designsmostcloselymatchestheneedsof TPF.
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We endthepaperby reiteratingthat thebasicideais similar to theapodizedsquareaperture
conceptof NisensonandPapaliolios(2001)except that we areworking with pupil planemasks
ratherthanapodizations.Also, by optimizingthedesign,we gethighcontrasteverywhereoutside
a narrow + -shapeddiffractionspike whereasthe NisensonandPapalioliosdesignsprovide high
contrastonly in aneighborhoodof thetwo diagonals.
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work from NASA andJPL. The �rst authoralsowishesto acknowledgesupportfrom the NSF
(CCR-0098040)andtheONR(N00014-98-1-0036).
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Fig. 1.— A simplecheckerboard mask.Theopenareaof thecheckerboardmaskis 28:1%andthe
Airy throughputis 15:1%. Top left. A barcodemaskdesignedto provide10� 5 contrastfrom 2�=D
to 25�=D . Top right. ThePSFassociatedwith thebarcodemask.Bottomleft. Thecorresponding
checkerboardmask.Bottomright. ThePSFcorrespondingto thecheckerboardmask. Thegray-
scalerepresentsa logarithmicstretchwith blackcorrespondingto 10� 10 andwhite corresponding
to 1.
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Fig. 2.— A centrally-obstructedcheckerboard mask.This designincludesa 2% centralstripeto
hang/hidea secondarymirror. The openareaof the checkerboardmaskis 17:2% andthe Airy
throughputis 5:3%. Top left. A barcodemaskdesignedto provide 10� 5 contrastfrom 2�=D to
11�=D . Top right. The PSFassociatedwith the barcodemask. Bottomleft. The corresponding
checkerboardmask.Bottomright. ThePSFcorrespondingto thecheckerboardmask. Thegray-
scalerepresentsa logarithmicstretchwith blackcorrespondingto 10� 10 andwhite corresponding
to 1.
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Fig. 3.— A Lyot-stylecoronagraph. A simulated3-planetstar systemas it would appearin a
Lyot-stylecoronagraphin which the entrancepupil is an opensquare,the �rst imageplanehas
a “plus” shapedocculterof half-width 0:6�=D , anda checkerboardmaskin theLyot plane. Top
left. A barcodemaskdesignedto provide 10� 5 contrastfrom 1:4�=D to 21�=D whenusedin
conjunctionwith the image-planeocculter. Top middle. The correspondingcheckerboardmask.
The Airy throughputfor this maskis 6:2%. Top right. The simulatedimage. The planetin the
upperright quadrantis locatedat (1:7; 1:7) andis 10� 8 timesasbright asthestar. Theplanetin
theupperleft quadrantis locatedat (� 5:1; 3:4) andis 10� 9 timesasbright asthestar. Theplanet
in the lower left quadrantis locatedat (� 6:8; � 6:8) andis 3 � 10� 10 timesasbright asthe star.
Thegray-scaleimageis logarithmicallystretchedto highlight thefaintplanets.Bottom.Theeffect
of pointingerror. Fromleft to right, thepointingerroris 0:048, 0:096, and0:144. Thedirectionof
theerroris alongthediagonalinto the�rst quadrant.
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Fig. 4.— A centrally-obstructedLyot-stylecoronagraph. A simulated3-planetstarsystemasit
would appearin a Lyot-stylecoronagraphin which the entrancepupil is an opensquarewith a
plus-signspider, the �rst imageplanehasa “plus” shapedocculterof half-width 0:6�=D , anda
checkerboardmaskin theLyot plane.This designincludesa 2% centralobstruction.Top left. A
barcodemaskdesignedto provide10� 5 contrastfrom 1:4�=D to 21�=D whenusedin conjunction
with the image-planeocculter. Top middle. The correspondingcheckerboardmask. The Airy
throughputfor this maskis 3:5%. Top right. Thesimulatedimage.Theplanetin theupperright
quadrantis locatedat (1:7; 1:7) andis 10� 8 timesasbrightasthestar. Theplanetin theupperleft
quadrantis locatedat (� 5:1; 3:4) andis 10� 9 timesasbright asthestar. Theplanetin the lower
left quadrantis locatedat (� 6:8; � 6:8) andis 3 � 10� 10 timesasbrightasthestar. Thegray-scale
imageis logarithmicallystretchedto highlight the faint planets.Bottom. The effect of pointing
error. Fromleft to right, thepointingerror is 0:048, 0:096, and0:144. Thedirectionof theerror is
alongthediagonalinto the�rst quadrant.
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Fig. 5.— Thesimulated3-planetstarsystemasit would appearin theLyot-stylecoronagraphof
Figure4 imagedat wavelengthsshorterandlongerthanthedesignpoint. From left to right, the
wavelengthsare85%, 90%, 105%and110%of thewavelengthfor whichthesystemwasdesigned.
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Description � iwa � owa TAiry

SimpleCheckerboard 2
p

2 25 15:1
Checkerboardwith 2%CentralObstruction 2

p
2 11 5:3

Lyot Checkerboard 1:4
p

2 21 6:2
Lyot Checkerboardwith 2%CentralObstruction 1:4

p
2 21 3:5

Table1: Summaryof theresultsfor thespeci�c masksconsidered.


